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Biological processes, such as embryonic development, wound repair and
cancer invasion, or bacterial swarming and fruiting body formation, involve
collective motion of cells as a coordinated group. Collective cell motion of
eukaryotic cells often includes interactions that result in polar alignment
of cell velocities, while bacterial patterns typically show features of apolar
velocity alignment. For analysing the population-scale effects of these differ-
ent alignment mechanisms, various on- and off-lattice agent-based models
have been introduced. However, discriminating model-specific artefacts
from general features of collective cell motion is challenging. In this
work, we focus on equivalence criteria at the population level to compare
on- and off-lattice models. In particular, we define prototypic off- and on-
lattice models of polar and apolar alignment, and show how to obtain
an on-lattice from an off-lattice model of velocity alignment. By characteriz-
ing the behaviour and dynamical description of collective migration models
at the macroscopic level, we suggest the type of phase transitions and
possible patterns in the approximative macroscopic partial differential
equation descriptions as informative equivalence criteria between on- and
off-lattice models.

This article is part of the theme issue ‘Multi-scale analysis and modelling
of collective migration in biological systems’.

1. Introduction
Self-organized pattern formation is commonplace across several spatial scales
in nature. Such patterns arise from local interactions among individuals
with their environment. One such example is collective motion (CM),
during which individuals come together in groups and move in a coordinated
manner.

At the cell level, CM is observed in populations of prokaryotic (bacteria) and
eukaryotic cells. On the one hand, bacteria of several species have an elongated
shape and exhibit CM during collective host invasion, colonization, and biofilm
formation. At the colony level, bacteria can form static films and branching net-
works. Bacteria commonly interact through physical collisions. Their elongated
shape favours local apolar (also known as nematic) alignment along their major
axes after colliding, but bacteria do not necessarily tend to move in the same
direction after collision [1,2]. On the other hand, eukaryotic cells display CM,
which is an important mechanism for cell positioning, in development,
wound healing and regeneration, as well as in pathological situations, with
cancer invasion being one of the most important and widely studied examples
[3–6]. At the tissue level, endothelial and epithelial cells are observed to form
sheets or clusters of cells moving in the same direction (figure 1, top row). Indi-
vidual cells follow one another during CM, a behaviour resembling polar
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alignment of cells’ velocities. Thus, bacteria and eukaryotic
cells (such as cancer cells) are textbook examples of cells inter-
acting through velocity-alignment mechanisms, where every
individual’s velocity is determined by its neighbours’ vel-
ocities [11–14]. Various microscopic and macroscopic
mathematical models have been constructed to quantitatively
and qualitatively study the emergence of macroscopic (tissue
or colony) behaviour from polar and nematic velocity
alignment interactions among individuals.

Macroscopic models, such as partial differential
equations, model the spatio-temporal behaviour of entire
cell populations, and are based on physical laws of continu-
ous media, being expressed in differential form. The
mathematical tools for the analysis of such models are well
developed, and the computational demands for approximat-
ing their solutions are relatively low and do not scale with
population size. Such equations express the mean dynamics
of a system of agents (molecules, cells, etc.), which are valid
for systems with a moderate number of individuals. How-
ever, in systems with a very low or extremely large number
of individuals, stochastic and correlation effects are observed,
which are not normally captured by macroscopic models.
Furthermore, macroscopic models describe the behaviour of
the system at the population level, with no direct link to
the individual-level interactions.

Agent-based models, which describe the dynamics and
interactions of discrete individuals, allow direct investigation
of the impact of individual-level dynamics on the population
behaviour. Agent-based models are microscopic models
that can be classified according to whether space and time
are treated as continuous or discrete variables. In the
following, we refer to continuous-space agent-based models
with velocity alignment as off-lattice models. These models

are known as Vicsek-type models after the discrete-time
flocking model introduced in [15]. This type of off-lattice
models can also be formulated using continuous time (also
known as a Lagrangian formulation) [16]: the dynamics of
single particles is given, as in Newtonian physics, by the
equations of motion, which correspond to a set of ordinary
differential equations (ODEs). Stochasticity can be added to
these models by replacing the otherwise deterministic
system of ODEs by a set of Langevin equations [17]. For
this reason, we refer to these off-lattice models as Langevin
models, which are regarded as more ‘realistic’ than rule-
based models since the individual dynamics can be directly
based on standard, physical interactions. However, simulat-
ing these models can be computationally costly. Firstly, a
sufficiently small time step is needed to approximate the con-
tinuous spatio-temporal dynamics acceptably. Secondly, the
computational complexity increases with the number of
individuals, as a stochastic differential equation needs to be
integrated for each individual.

On-lattice models, on the contrary, are spatially discrete
models, defined on a regular lattice. These models may
evolve either in discrete, regular time steps or in continuous
time. On the one hand, a class of spatially discrete models,
the interacting particle systems (IPSs) [18,19], evolve in con-
tinuous time through exponentially distributed time steps.
The resulting asynchronous update of each individual’s
position makes it particularly easy to implement migration
rules that obey the principle of volume exclusion. The latter
means that, if a particle wants to move into a lattice site
where another particle is already present, movement is
aborted. Naturally, other kinds of interactions can be
implemented with IPSs as well. In fact, IPSs have been
used to investigate the effect of volume exclusion during
CM [20,21].

Another class of spatially discrete models, cellular auto-
mata, are agent-based models similar to IPSs, which evolve
with discrete time steps of constant length, with either syn-
chronous or asynchronous update [22]. A specific type of
cellular automata, termed lattice-gas cellular automata
(LGCA) [23], explicitly models not only the position of
individuals, but also their velocity. CM cellular automata
models are typically, but not exclusively (e.g. active-spin
model [24]), of the lattice-gas type, owing to the advantage
of explicit velocity consideration [25,26]. Space and (depend-
ing on the type of model) time discretization, along
with per-lattice site update dynamics, rather than per-
individual update dynamics, make on-lattice models
computationally efficient.

In the specific case of collective cell motion, various on-
and off-lattice agent-based models have been introduced for
analysing the population-scale effects of different alignment
mechanisms. It is an important question to discriminate
model-specific from general, characteristic collective cell
motion behaviour and to define appropriate equivalence
criteria. As attractive as on-lattice models may be computa-
tionally, it is important to take care of two aspects when
using such a model. The first one is how to define the lattice
site update rule such that it mirrors the system’s biophysical
dynamics as closely as possible. The second one is to be
aware of how the discreteness and regularization of the lattice
may impact the behaviour of the model at the population-
level. Here, we define prototypic off- and on-lattice models
of polar and nematic alignment, describe how to obtain an

200 µm

Figure 1. Collective cellular motion patterns. Clockwise starting from the
upper left: in vitro collective sheet migration of human intestinal carcinoma
cells in a single direction (arrow indicates direction of movement) [7], in vitro
cancer cells moving together in small groups (red, clusters indicated by an
arrow) invading an extracellular matrix containing fibroblasts (green) (scale
bar 100 μm) [8], nematic networks of Myxococcus xanthus bacteria on an
agar surface [9], swarms of Paenibacillus dendritiformis forming nematic
streets [10].
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on-lattice from an off-lattice model of velocity alignment, and
suggest the type of phase transitions and possible patterns in
the approximative macroscopic partial differential equation
descriptions as informative equivalence criteria to compare
on- and off-lattice, and show characteristic macroscopic col-
lective motion behaviour arising from polar and nematic
velocity alignment between cells.

2. Definition of on- and off-lattice models
In the following, we review prototypical on- and off-lattice
agent-based models describing ensembles of biological cells
with explicit individual cell velocities and constant speed,
in a viscous environment, and without cell death or pro-
liferation. The off-lattice models are defined in terms of
Langevin equations, with continuous spatial and temporal
variables, while the on-lattice models are LGCA, with
discrete time and space. Langevin equation models
were chosen as representatives of off-lattice models because
of their direct ties to physical equations of motion. In
the simplification, we consider here, modelling consists
mainly defining an appropriate reorientation potential.
LGCA were chosen as representatives of on-lattice models
as they model cell velocity explicitly and decouple
migration and reorientation dynamics, which greatly
simplify CM modelling.

(a) Off-lattice model
Cells are represented by point-mass particles with positions
xm [ Rd, moving with a constant speed v0 in a direction
determined by the unit vector v [ Rd; here, we will consider
a two-dimensional system, d = 2. It is assumed that a particle
located at xm can only interact with other particles located at
xj [ BR(xm) within the circular neighbourhood BR(xm) of
radius R centred at xm. The interaction with other particles
is modelled through the interaction potential Um. The

dynamics of individual particles are modelled by Newtonian
equations of motion. Assuming an over-damped regime (vis-
cous cellular medium) allows inertial terms (proportional to
second derivatives) to be disregarded. Under these assump-
tions, the movement of the mth particle in the Langevin
model [16] is given by the equations

d
dt

xm ¼ v0v(um)

and
d
dt

um ¼ �g
@Um

@um
þ

ffiffiffi
2

p
jm(t),

9>>=
>>; (2:1)

where g [ R is the interaction strength, and the orientation
of the mth particle is defined as v(θm) := (cosθm, sinθm). Note
that, in these equations, the viscosity coefficient has been
absorbed into the model parameters. In the second
equation, the term ξm(t) represents delta-correlated white
noise. The specific interaction mechanism is described by
the interaction potential Um, which we assume only
depends on the orientation of neighbouring particles.
Note that given the structure of the equations, and assum-
ing a local fast relaxation of the second equation, the
steady-state local velocity distribution of orientation
(obtained after deriving the associated Fokker–Planck
equation of the Langevin model) is P(θ) ∝ exp(−γUm(θ)),
where Um(θ) can be interpreted as an average potential
energy. Figure 2a shows a sketch of the model structure.

(b) On-lattice model
LGCA are defined on a regular lattice, with nodes at discrete
positions r, and evolving at discrete time steps k. Many par-
ticles can exist within the same node. Particle velocities are
also discrete and given by cj = (cos(2πj/b), sin(2πj/b)), j = 0,
…,b− 1. The total number of possible velocities, b, is equal
to the number of nearest neighbours, and is determined by
the lattice geometry. For each node r at a time step k, the num-
bers sj(r, k) of particles with velocity cj, j = 0,…,b− 1
determine the b-dimensional node configuration s(r, k). In

(a)
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Figure 2. Microscopic structure of agent-based models. (a) Langevin model, (b) LGCA model. In the Langevin model, the mth individual is described by a con-
tinuous position xm and a continuous velocity v, while in LGCA individuals are characterized by their discrete position in the lattice, r, and their discrete velocity, cj,
for some j∈ {0,…, b − 1}. The range of the interaction is determined by the radius of interaction R in the off-lattice model, and by a predefined neighbourhood of
interaction N in LGCA (thick red lines).
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traditional LGCA models, individuals within a node must
all have different velocities, such that all sj are Boolean
variables. Here we consider an LGCA extension for
boson-like individuals, where any number of individuals
within a node may move in any direction, that is, sj [ N.
Analogously to the off-lattice Langevin equation model, dis-
placement of an individual is deterministic and completely
defined by its velocity. The individual velocities are assigned
during the reorientation step according to a local alignment
rule. In the subsequent migration step, each individual
moves to the neighbouring lattice site in the direction of its
velocity. In this model, movement can be expressed by the
difference equation

sj(r þ cj, k þ 1) ¼ sIj (r, k), (2:2)

where the post-interaction configuration sI stochastically
replaces the pre-interaction configuration s according to a
modeller-defined transition probability

P(s ! sI ), (2:3)

which may also depend on the states sN of nodes within a
predefined interaction neighbourhood N . LGCA models
were introduced to investigate various aspects of single and
collective cell migration [22,26–29]. A sketch of the lattice-
gas model is shown in figure 2b.

(c) Bridging off- and on-lattice models
Transition probabilities determining the dynamics of
on-lattice models are commonly chosen ad hoc and phenom-
enologically, thus being generally considered less ‘realistic’
than their off-lattice counterparts. Ideally, the dynamics of
an on-lattice model should be as close as possible to those
of an off-lattice model to achieve an optimum realism–
efficiency trade-off. Obtaining equivalent on- and off-lattice
models is also important to pinpoint behaviours that orig-
inate from the cell interactions considered, and to identify
potential model-specific characteristics.

In [30], a method is described to obtain LGCA transition
probabilities from Langevin equations. This method assumes
that cell reorientation happens at a much shorter time scale
than cell displacement, and that cells are stochastically
independent from one another. These assumptions are valid
when modelling cells that move in a highly viscous
medium, slowly migrating and/or frequently tumbling,
which are not tightly packed with one another. With these
assumptions, a Fokker–Planck equation associated to the
Langevin equation can be derived. Given the assumption of
fast reorientation dynamics, a particle’s orientational distri-
bution can then be approximated by the steady-state
solution of the Fokker–Planck equation. Then, using the
assumption that the orientations of nearby particles are
uncorrelated, the transition probabilities for the LGCA
model are given by

P(s ! sI j sN ) ¼ 1
Z
exp �b

Xb�1

j¼0

UjsIj

0
@

1
A, (2:4)

where β > 0 is the sensitivity, which is directly proportional
to the interaction strength γ, and inversely proportional to
the amplitude of the particle noise ξm(t), and Uj is the
potential experienced by a particle with velocity cj of the
Langevin model.

For the specific case of CM in off-lattice models, see [16],
polar and nematic interactions were defined using the pair-
wise potentials

Upol
m ¼

X
xj[BR(xm)

cos(um � uj) (2:5a)

and

Unem
m ¼

X
xj[BR(xm)

cos2(um � uj), (2:5b)

respectively. These models were translated into LGCA
models in [30] with the transition probabilities

P(s ! sI j sN )

¼ 1
Z
exp b

Xb�1

i¼0

Xb�1

j¼0

X
r0[N

(ci � cj) sNj (r0)si

2
4

3
5dn(sI ),n(s) (2:6a)

and

P(s ! sI j sN )

¼ 1
Z
exp b

Xb�1

i¼0

Xb�1

j¼0

X
r0[N

(ci � cj)2 sNj (r0)si

2
4

3
5dn(sI ),n(s) (2:6b)

for polar and nematic alignment, respectively, where J(s) is
the momentum of the configuration s, n(s) is the number of
particles of the configuration s, δa,b is Kronecker delta, and
sNj (r0) is the occupation of the jth velocity channel of the
node r0 [ N .

For a qualitative and quantitative comparison of the two
on- and off-lattice models, we concentrate on comparing
macroscopic partial differential equation (PDE) approxi-
mations, steady-state stability, phase transitions, and spatial
macroscopic patterns.

3. From the micro- to the macroscale: derivation
of hydrodynamic equations

So far, we have defined prototypical on- and off-lattice models
and have shown how to construct on-lattice from off-lattice
models. Intuitively, the macroscopic behaviour of related off-
and on-lattice models should be similar, if the interaction
mechanisms in both on- and off-lattice descriptions are equiv-
alent. Thus, macroscopic PDE models derived from related on-
and off-lattice models of collective migration with velocity
alignment interactions should agree, and any discrepancies
can be useful to identify model-specific behaviour.

Macroscopic (Eulerian) hydrodynamic descriptions of
CM were first proposed in [31] for polar velocity alignment,
by taking into consideration physical symmetries, conserved
quantities, and polar interactions. Macroscopic PDE models
for polar and nematic CM at the population scale have also
been derived by coarse-graining agent-based models ([32–
37], among others). Interestingly, while hydrodynamic PDE
models of inert particles require terms representing external
forces for symmetry breaking and flow, hydrodynamic
models of interacting cells contain terms representing internal
origins of symmetry breaking reflecting the spontaneous
order and patterning arising during CM. The general
method to obtain macroscopic PDE models from off-lattice
agent-based models (ABMs) for CM has been developed
only recently [38], and can be summarized as follows. First,
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the Fokker–Planck equation describing the evolution of indi-
vidual position and velocity (or orientation, when assuming a
constant speed) probability distributions is derived. Single-
individual distributions are usually assumed to be stochasti-
cally independent (mean-field approximation), such that
correlations can be replaced by functions of products of
single-individual distributions. Then, this angular mean-
field Fokker–Planck equation is Fourier transformed. The
Fourier coefficients are related to physical macroscopic quan-
tities (such as density and momentum), and accordingly, the
PDE system consists of the equations for each Fourier coeffi-
cient. It is important to note that there is an infinite number of
Fourier coefficients. Therefore, closure relations, which are
physically motivated, are employed to restrict the number
of macroscopic quantities and differential equations to a
small, manageable quantity. Meanwhile, using the same tech-
nique, macroscopic PDE models have also been derived from
Langevin equation models of nematically interacting individ-
uals (see [32,33], for example).

Macroscopic PDE models can also be derived from CM
on-lattice models. Contrary to off-lattice models, single-
particle distributions are not required. In [39], macroscopic
models are obtained from zero-range polar and nematic
swarming on-lattice models. The derivation starts by scaling
the automaton to continuous space and time by introducing a
time step length and a lattice spacing. Then, the expected
value of the scaled stochastic evolution equation is calculated
under a mean-field approximation, such that mean particle
numbers in nodes and between nodes are simplified to pro-
ducts of means. The resulting (lattice-Boltzmann) difference
equation is used to define a differential equation by letting
the lattice spacing and time step length tend to zero, and
by taking lower-order terms in a Taylor series expansion.
The differential equation is converted into a system of
coupled partial differential equations by performing a dis-
crete Fourier transform of the angular variable. This system
describes the evolution of the discrete Fourier coefficients,
which correspond to macroscopic quantities including par-
ticle density, momentum, and nematic director. Contrary to
off-lattice models, on-lattice models consider a discrete,
finite number of lattice directions of motion, thus constrain-
ing the system to a finite number of discrete Fourier
coefficients, and the number of resulting PDEs naturally
restricted; however, this number can be further reduced by
adiabatic elimination of certain variables.

(a) Macroscopic PDE approximations to microscopic
on- and off-lattice velocity alignment models

The macroscopic PDE system of an off-lattice, Vicsek-like
model of polar-aligning particles (for a derivation using the
aforementioned technique, see [40]; for an equivalent similar
technique, see [34,41]) reads:

@r

@t
þr�P¼ 0

and
@P
@t

þg(P �r)Pþ v20
2
rr�k

2
rkPk2� nr2Pþk(r�P)P

� 2n0rr �Mþn0(r�P)rr¼ (m� jkPk2)P,

9>>>>>>=
>>>>>>;

(3:1)

where ρ is the density, P is the momentum, v0 is the (positive)
speed, γ, κ, ν, ν0, μ and ξ are parameters dependent on ρ, and

M :¼ 1
2 (r�Pþr�PT). The equations were closed assuming

the system to be near the disordered state, and disregarding
the dynamics of higher-order Fourier coefficients. This
system of equations is nearly identical to that derived in
[39] from an on-lattice LGCA model for particles with polar
alignment:

@r

@t
þr�P¼ 0

and
@P
@t

þ 1
r
(P �r)Pþ1

2
rr� 1

2r
rkPk2þ 1

r
(r�P)P

�1
2
D(rr)¼ r

2
1�kPk2

8

 !
� 1

" #
P,

9>>>>>>>>>=
>>>>>>>>>;

(3:2)

where D(rr) :¼ ð1=r2Þ[P(P �rr)þP� (P�rr)]. In this case,
the system was assumed to be near the polar-ordered state,
and a physical closure relation for restricting the hydrodyn-
amic variables to ρ and P was used. Therefore, the
geometry of the underlying lattice did not influence the
final form of the PDEs. Note that by including higher-order
values in the derivation of equation (3.2) anisotropies due
to the lattice structure arise.

For a system of nematically aligning particles described
by an off-lattice Langevin model, the above-mentioned
coarse-graining technique leads to the following macroscopic
approximation [32]:

@r

@t
¼ D[r2rþ R(d2Qw)]

and
@Q
@t

¼ D
2
d2rþ 1þD

2

� �
r2Qþ r� 1

2

� �
� jQj2

� �
Q,

9>>>=
>>>;

(3:3)

where D is a real-valued parameter, Q [ C is the nematic ani-
sotropy, measuring the degree and direction of nematic
alignment, d :¼ @x þ i@y is the Wirtinger derivative, R

denotes the real part, and w denotes complex conjugation.
Note that these equations were first derived using a different
technique in [42] (see also [33] for macroscopic equations of a
slightly different microscopic model). On the other hand,
Nava-Sedeño et al. [39] derived the macroscopic equations
from a nematic LGCA model, which read

@r

@t
¼ r2rþ R(d2Qw)

and
@Q
@t

¼ 1
2
{d2rþr2Qþ 2dw[R(dQ)]}

þ r

4
Qþ 1

8
Qw Qw � 1

4
Q2

� �� �
�Q:

9>>>>>>>=
>>>>>>>;

(3:4)

In the derivation of this system of equations, the symmetries
of the underlying lattice were used for eliminating and
expressing higher-order Fourier coefficients in terms of
lower-order ones. Note that in equation (3.4) we have con-
sidered the limit where P can be adiabatically eliminated,
as was done in the case of the off-lattice system (equation
(3.3)). However, one can consider the system of equations
without elimination of P.

On the basis of the macroscopic approximations for on-
and off-lattice models for CM introduced in this section, we
can derive criteria for comparing both kinds of microscopic
models.
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4. Criteria for comparison of on- and off-lattice
models

Here, we focus on criteria with respect to the tissue scale be-
haviour of on- and off-lattice models for polar and apolar
alignment. We suggest the following criteria: the specific
form of the macroscopic PDE approximation, the comparison
of long-time density patterns emerging from perturbed iso-
tropic and homogeneous initial conditions, and the stability
behaviour of the PDE approximations.

The long-time behaviour of the PDE approximations, and
the specific spatial patterning are largely determined by source
and sink (derivative-free) terms in the respective macroscopic
PDE approximation. Snapshots of off-lattice, on-lattice models,
and their respective PDE approximations can be compared in
figure 3, which shows typical long-time density patterns. Some
of the general features of thedensity patterns can be heuristically
understood from the nature of specific terms in themacroscopic
PDEs. These terms, in turn, can also be related to specific features
of the underlying agent-basedmodels. In the case of polar inter-
action, the approximative advective PDEs are similar for both
on- and off-lattice models. Here, the source and sink terms are
mainly functions of themagnitudeof themomentum (equations
(3.1) and (3.2)). This allows for moving clusters along any direc-
tion at long times (figure 3c–f). However, while simulations of
the off-lattice models also show moving clusters in any direc-
tions [34,44], in on-lattice models clusters are only observed to
move along lattice directions (figure 3a,b) [26,39]. In the case of
nematic interaction, the approximative diffusive PDEs are
slightly different for on- and off-lattice models. In the PDE
approximation of the off-lattice model, source and sink terms
are mainly functions of the modulus of the nematic anisotropy
(equations (3.3) and (3.4)), which allows for the formation of
bands along any direction at long times (figure 3i,j,l) [32]. On
the contrary, in the PDE approximation of the on-lattice model,
the source and sink terms depend on both the modulus and
argument of the nematic anisotropy, which constrains the direc-
tions alongwhich bands can appear [39]. A similar behaviour is
also observed in simulations of the corresponding on-lattice
model (figure 3g,h,k).

Steady-state analysis of the PDE approximations can pro-
vide information about possible phase transitions in the
microscopic model. All PDE approximations for polar and
apolar alignment exhibit homogeneous ordered and disordered
states. The disordered state becomes unstable with increasing
density and/or decreasing noise amplitude, while the ordered
state becomes uniformly stable. The homogeneous ordered
state, however, is unstable against perturbations with non-
zero wavenumber, which indicates the existence of a spatially
patterned ordered state [34,39]. A similar phase transition has
been observed in the on-lattice model and off-lattice models
for polar alignment [16,26]. In the case of nematic alignment,
the transition is similar, albeit with a subcritical pitchfork bifur-
cationwhich results in strong system hysteresis. In this case, the
homogeneous ordered state is stable [32,39]. A phase transition
has also been observed in the on- and off-lattice models for
nematic alignment [16,45].

Table 1 summarizes the comparison of on- and off-lattice
models with respect to macroscopic model approximations.

5. Conclusion
In this manuscript, we have focused on population-scale
effects of polar and apolar alignment mechanisms on the
CM of cell populations.

For analysing the population-scale effects of these different
alignment mechanisms, we have introduced prototypical on-
and off-lattice agent-based models. We have chosen lattice-gas
cellular automata as on-lattice model representatives as they
model cell velocity explicitly and decouple migration and reor-
ientationdynamics.Moreover, we have shownhow to construct
a lattice-gas model with dynamics closely resembling those of
anoff-latticemodel formulatedas aLangevin equationbydefin-
ing its transition rules as the steady-state distributions of the
off-lattice model. Furthermore, we have introduced criteria for
the comparison of on- and off-lattice models. All the suggested
criteria are based on the macroscopic PDE approximations of
the microscopic on- and off-lattice models. Such criteria include
the long-timebehaviourand themacroscopic spatial patterns, as
well as the characteristic phase transitions.

on-lattice

po
la

r
ne

m
at

ic

off-lattice
PDE

(off-lattice)
PDE

(on-lattice)

(e) ( f )(b)(a) (c) (d )

(i) (k) (l)( j)(g) (h)

Figure 3. Long-time patterns in on-lattice (hexagonal), off-lattice and PDE collective motion models. Top row corresponds to models with only polar interactions
between particles (see Upolm potential and related transition probability in §2c). Bottom row shows snapshots of models with only nematic interactions between
particles (corresponding to potentials Unemm and respective transition probability in §2c). Columns correspond to different model types. The PDE models were derived
from both on- and off-lattice models. All snapshots are density representations, except for (h) and (d), where lattice sites and particles (respectively) are coloured by
particle velocity, according to the colour wheel. Vector fields in the PDE snapshots indicate the direction of the momentum and the nematic anisotropy for polar and
nematic models, respectively. Off-lattice microscopic model snapshots were adapted from [43] (d ) and [32] (i,j ). Snapshot ( f ) was adapted from [44]. All other
snapshots were produced by the authors.
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While in the case of polar alignment, the macroscopic
approximations of on- and off-lattice models are similar in
all considered criteria, there are important differences in the
long-time behaviour and spatial patterns in the case of
nematic alignment (table 1). The suggested criteria allow rel-
evant biological behaviour to be distinguished from model-
specific behaviour. It is also possible to define criteria based
on microscopic cell migration parameters, such as cell vel-
ocity distributions [46]. It remains to be seen whether the
average motile behaviour of individuals shows as remarkable
a similarity between equivalent on- and off-lattice models as
the population-level behaviour and patterns do.

On-lattice models are a promising tool to study spatio-
temporal pattern formation and order transitions, and for
obtaining macroscopic PDE models of multicellular systems
at the population level. In this review, we have discussed
on- and off-lattice models with equivalent dynamics at the
single-cell level. Off-lattice models and the constructed on-lat-
tice analogues show remarkable similarity both in direct
computer simulations and in the mean-field dynamics at

the population level [30]. The generality of the models dis-
cussed here allows abstraction of behaviour at the
population level from cell interactions mimicking velocity
alignment, irrespective of their particular organismic and
mechanistic minutiae. Although we have restricted ourselves
to reviewing models with particular interaction mechanisms
of CM, the techniques reviewed here can also be used for
the definition and analysis of other types of single [29] and
collective cell migration ([22,47] and references therein),
such as, but not restricted to, haptotaxis, chemotaxis, time-
correlated movement and differential adhesion. It remains
an interesting open problem to determine the model-inde-
pendent behaviours of other cell-interaction mechanisms.
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